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Abstract—A post-processing semi-analytical approach, for prediction of the interlaminar shear
stress distribution through the thickness of an arbitrarily laminated general shell, is presented. The
starting point of the approach is an assumed displacement finite element analysis, based on the
assumptions of transverse inextensibility and layerwise constant shear-angle theory (LCST). First,
the problem is posed in the context of Taylor series expansions of the interlaminar shear stresses in
terms of the thickness coordinate, dictated by the LCST assumption and the shell curvature. An
“exact” (in the context of the problem thus posed) and three progressively approximate semi-
analytical methods for prediction of interlaminar shear stresses are then presented. The through-
thickness distribution of interlaminar shear stresses in an arbitrarily laminated thick plate can be
obtained as a special case of the present solution. Numerical results are presented for two-layer thin
and thick tubes with simply-supported edges, using the Cartesian-like local Riemann coordinate
(CLRC) approximation and are compared to the corresponding analytical solutions, based on the
classical lamination theory (CLT). Results for thin laminated tubes prove the accuracy of the
present approach, while hitherto unavailable results for a thick taminated tube are expected to serve
as baseline solutions for future comparisons.

NOMENCLATURE

fixed natural coordinates basis vectors

{d¥} nodal displacement vector for the jth layer-element belonging to the ith layer

E; Young's moduli of an anisotropic layer-material, i, j = 1,2

G;; shear moduli of an anisotropic layer-material, i, j # 1,2,3

2. tangent (to the a-, f-, {-curves) vectors

Gren metric tensor

g associated metric tensor

G095 first fundamental quantities of the shell reference surface for lines of curvature
coordinates

i, orthogonal basis vectors for fixed Cartesian coordinates

L length of a cylindrical shell

N total number of layers

A, rth physical component of the unit normal vector

Di uniform pressure acting on the inner surface of a cylindrical shell

Qi reduced elastic stiffness of an anisotropic layer-material

i reduced elastic stiffness of an orthotropic layer-material

inner radius of a cylindrical shell

R; reduced elastic compliance of an anisotropic layer-material

1/R,, 1/Ry principal normal curvatures of the shell reference surface

1/Re, 1/Ro 1/ Rpe

directions parallel and normal to the boundary curve
area measured on the shell reference surface
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normal curvatures and twist of the shell reference surface with respect to the

s

5; area of the jth layer-element belonging to the ith layer, measured on the shell
reference surface

t total thickness of the shell wall

8 thickness of the ith layer,i=1,...,N

X,y Cartesian-like local Riemann coordinates in the directions of the lines of curvature
« and B, respectively

z,{ transverse coordinate direction

x,0,z (or {) circular cylindrical shell coordinates

o f lines of curvature coordinates measured on the shell reference surface

r direction tangential to the boundary curve; also curved length measured on the

£‘:, 7
g2(0). (D), e3(0)
«Z_ﬁ?(f),ﬂ 2()
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boundary curve

Euclidean—Christoffel symbol

covariant components of the interlaminar strains at a point inside the ith layer
surface parallel components of strain at a point inside the ith layer

transverse (interlaminar) shear strains at a point inside the ith layer

fiber orientation in the ith layer, measured with respect to the a-direction
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v Poisson’s ratios, { # J

o

07 (0), 05 (). o (3) surface-parallel components of stress at a point inside the th laver

(), 652) transverse (interlaminar) shear stresses at a point inside the jth layer

e contravariant components of the stress tensor

{d} vector of shape functions of a triangular laver-element

8 angle between the tangent to the boundary curve I' and the x-direction.
I. INTRODUCTION

Failure analysis of thick-section fiber reinforced laminated shells necessitates accurate
prediction of the interlaminar (transverse) shear stresses, because of the role they play in
causing delamination and shear crippling failures, especially in the vicinity of ply-drops,
edges or other discontinuities. Analytical solutions are relatively scarce and are primarily
restricted to one or more of the following: simple shell geometry (e.g. cylindrical and
spherical shells), shallow-shell approximation, thin (Love-Kirchhoff hypothesis) or mod-
erately thick (Reissner-Mindlin hypothesis) shell theory, cross-ply lamination, special
boundary conditions (e.g. SS3 under the classification of Hoff and Rehfield, 1965), simple
loading conditions, and so forth. A numerical procedure, such as the finite element method
(FEM), appears to be the only practical alternative because of the ease with which problems
of arbitrary shell geometry, irregular shapes. non-uniform thickness, anisotropy, arbitrary
lamination, arbitrary boundary conditions, and general loadings can be handled by this
method. A review of the FEM literature, however, suggests that, short of performing a
highly refined three-dimensional analysis, few FEM-based methods are available which can
predict the accurate interlaminar shear stress distribution through the thickness of a general
laminated shell.

Recently, Chaudhuri (1983) and Seide and Chaudhuri (1987) have developed an
assumed-quadratic- (in the curvilinear coordinate plane) displacement-potential-energy-
approach-based laminated general shell element of triangular planform, the kinematic
relations being derived under the general assumptions of transverse inextensibility and
layerwise constant shear-angle theory (LCST). Once the nodal displacements are computed,
the element stresses can be easily obtained [see eqn (1) of Chaudhuri and Seide, 1987a]. It
is noteworthy that while accurate surface-parallel components of stresses can be computed
at special points on the interface triangle. the interlaminar shear stress components, 62({)
and Q({) thus obtained, do not represent the true interlaminar shear stresses. They are
essentially the physical components of the interlaminar shear stresses corresponding to the
through-thickness-average covariant components of the true interlaminar shear strains [the
same is true for &7({) and &({)]. The primary objective of the present study is to develop
a semni-analytical approach for prediction of interlaminar shear stress distribution through
the thickness of an arbitrary laminated general shell. A recent study by Chaudhuri and
Seide (1987b) has presented a semi-analytical approach for prediction of interlaminar shear
stress distribution through the thickness of an arbitrarily laminated thick anisotropic plate.
Extension of the concept presented there to the case of an arbitrarily laminated thick general
shell is a challenge yet to be undertaken. The many-fold complexity of the analysis of the
deformation of a solid body in the general Riemannian space, in comparison to the same
in the Euclidean space, renders the extension of the approach outlined in the above study
to the case of an arbitrarily laminated general shell an extremely difficult task. This difficulty
is primarily mathematical in nature and approximations, based on sound physical judge-
ments, must be employed to obtain a reasonably accurate solution to the problem under
investigation, because derivation of an exact solution to the problem appears to be a
synonym of impossibility at the present moment.

2. FORMULATION OF THE PROBLEM
Equations of equilibrium for a general shell neglecting the body forces are given by
til=0 for m,i=1 (orx),2 (or B), 3 (orz) H

where the covariant derivatives of contravariant components of stresses, ¢/, are defined as
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while the Euclidean—Christoffel symbol, I'};, is defined as

rg = %y’m(gnp.l"**yln,p _glp.n) = r:; (3)
with
1
91(2) =m=g"(l+z/R“)2 (42)
1
g2:(2) = ;ﬁ(—z‘)“ = §2a(1+2/Ry)* (4b)
9::(2) = /g (@) =1 (4c)
Im(2)=g"(2)=0 for m#n. (4d)

The relations (4) hold on account of selection of the orthogonal curvilinear coordinate
system «, §, z where o and f denote the directions of the lines of curvature of the shell
reference (bottom) surface, while z denotes the direction of the normal to the reference
surface. It is noteworthy that a, § and z represent the local (or element) coordinates for the
N-layer composite element. For a layer element, { denotes the direction of the normal and
is given by

z=d+{ (5a)

where

[}
=73 tn; 3 =0 (5b)

m=}

Substitution of eqns (2)-(5) into eqn (1), with m = 1 (or ), will lead to the first equation
of equilibrium in terms of the physical components of the stresses

2 +{) cz+c), ]
52[(‘*7:) (”’E‘ o2
1 fraf. J,-+c)2,
“5:5;{553[95(”“&:’ "3“’]

+§p(l+ a—ﬂ)(l + éﬂ)éﬁ?({)

R, Ry Oa
3 d+LY
+—§-j¢(l+—§;5) [ai”(C)-ork“(C)}} (62)
where
g. = (@)% G =(g22)"% (6b)

The second equation of equilibrium of elasticity can be obtained from eqn (6a) by replacing
a by B and vice versa.

In the case of a laminated plate, g, = g; = 1, R, = R; = . Equation (6a), in view of
the assumptions of the LCST, then reduces to
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o) = AV (X 0 + AV (LX) AV (e )] (7

where x,. x, are rectangular Cartesian coordinates.

In the case of a laminated shell, because of the effect of the curvature, the expression
for o) [and o2({)] will be comprised of more complicated functions of {, even when the
surface-parallel displacements are assumed to vary linearly through the thickness of a layer
(LCST). Nonetheless, since they are expected to be regular functions of [, in the range
0 < ¢ <1, they can be assumed to be in the form of a power series (essentially a Taylor
series expansion). Inclusion of the curvature effect into the formulation, however. demands
that a power series of order at least three be assumed:

ol ()= ) Bnl" for r=uafinz3. (8)

m=0

Prediction of 6,.(z), r = 2. 5, through the thickness of an N-layer laminated general shell
necessitates the determination of 2N(n+ 1) unknown coefficients, which, in turn, ask for as
many conditions or equations to be supplied by the physics of the problem.

Equation (8) can be expressed in the alternate form

LE

o)=Y faH. () for r=ap ®

where H,,({) are the one-dimensional shape functions or Lagrangian interpolation functions
(Zienkiewicz, 1977). fio are the magnitudes of ¢({) at the n+1 points. Here (.,
m=1,...,n+1. {,=0; (.., =tand {,. m=2,..., n may be conveniently selected.
For example,

om = (m—Dt;/n (10)

will imply n equal intervals through the thickness of a layer.

The next task is comprised of supplying the 2N{(n+ 1) equations for determination of
as many unknown coefficients, /9 ;r = a,8:i=1,....N;m = 1,...,n+ 1. In what follows,
first a strategy for obtaining the “exact” solution to the problem posed in this section will
be discussed. Subsequently, three progressively approximate solution techniques will be
described.

3. STRATEGY FOR “EXACT" SOLUTION

The present method supplies the aforementioned 2N(n+ 1) equations by (i) forcing
a,., r = a, B to vanish on the top and bottom surfaces of the laminated shell (four equations) ;
(ii) satisfying continuity of o,. at each layer interface {2(N— 1) equations} ; (iii) identifying
2, computed by the LCST-based finite element [eqn (1) of Chaudhuri and Seide, 1987a],
as the physical components of transverse shear strains, which correspond to the through-
the-thickness-average covariant components of the same (2N equations) ; (iv) computation
of jump in o,. . at each interface utilizing the first two equations of equilibrium of elasticity
{2(N—1) equations} ; and finally (v) satisfying the first two equations of equilibrium of
elasticity at n—2 points inside each layer {2N(n—2) equations}.

Conditions (i) and (ii) above imply

F =i = (n
A = Fiadh (12)

forr=a,fandi=2,...,N.
Condition (iii) yields



Prediction of interlaminar shear stresses 503

(/w)av = (IzJ)FEM LCST (13)
where
(D = lf O = —f" (1 40 ) 2(0)dg (142)
t 0
with
e2(0) = RN+ RY0 () (14b)
and
d+
D eemcst = (g:(z?(o)FEM/LCSTg-m<1 + R C)- (14¢)

The assumed ¢2((), and ¢§}({), given by eqn (9), are then substituted in eqn (14b). An
analogous set of equations can be obtained by setting [yj!]., equal to (F)rem/cst-
Condition (iv) supplies another 2(N — 1) equations by equating the jumping,..,r = 2,8,
at each interface computed using eqn (9) to that obtained utilizing the equation of equi-
librium.
The jump in o, . at the ith interface is given by

ad&;;(o) m(t) ’:il { i+ 1) al{amc(‘)) _]-;,’)" al{amc(tt)} - J§i+ b} (153)

where J¢+ 1 is obtained from the equation of equilibrium of elasticity, eqn (6a), in the
form:

> {a.(x+ l)(O)

e e L0
o ( c)l( a+c) 5. 38L"
9:9s a
~af} (r)}] ﬂ(l )( R) {40~ a0 (1)}

+§9'_n(1+;‘7w_l z{a("*"(O)—o"’(t)—a},’*')(0)+a§°(t-)}> (15b)
7 Ra P a \& 4

fori=1,...,N—1.

It is noteworthy that the right-hand side of eqn (15b) is comprised of the surface-
parallel stresses and their derivatives with respect to the surface-parallel coordinates alone.
J§* ", the jump in oy, ,, can be obtained from the second equation of equilibrium of elasticity
in a similar manner.

The remaining 2N(n— 2) equations are supplied by condition (v), which is concerned
with the satisfaction of the first two equations of equilibrium of elasticity at n—2 interior
points {;, k = 1,...,n—2, of each layer. For example, substitution of eqn (9) into the left-
hand side of the first equation of equilibrium of elasticity [eqn (6a)] will yield

2 (1, 48), 1 ( A }
{R,(l-l- Rp +Rﬂ 1+ Ra mglfa?nHm(Ck)

an+(k d+c’t ! i e
+(1+T)(1+ - ){z RN )}=F,-(a,ﬂ,ck) 16)

ms= |
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2
1(0,0)

Fig. 1. The jth triangular layer-element belonging to the ith layer of a laminated shell.

fork=1,...,n—2;i=1,...,N; where F, (, 8,(,) is obtained by substituting the surface-
parallel stresses and their derivatives (with respect to « and f) obtained from the LCST-
based finite element into the right-hand side of eqn (6a) at n—2 points {;, k = 1,...,n—2.

The second equation of equilibrium of elasticity provides a similar set of N(n—2)
equations in terms of f,,(i).

4. APPROXIMATE TECHNIQUES

4.1. Fixed natural coordinates basis vectors approximation
The natural coordinate basis vectors, defined by Park and Stanley (1986) as

a, ~g/(g,,)"?, r=1,2(nosum on r) (17a)
where
ox™,
gl —'é?g—‘;llns m,?’= 132933 (17b)

can be assumed to be fixed when subjected to differentiation with respect to §' = x, 8* = .
This implies that for a sufficiently small element, which is reasonable to expect at the time
of convergence,

g ~(9.,)"a, ~(g,)"*, r=1,2,3 (nosumonr). (18)

This approximation will help simplify eqns (15) and (16) in the following manner. Com-
putation of the various derivatives of the surface-parallel components of stresses with
respect to a and #, which appear in eqns (15) and (16), will involve additional computations
and also a slower rate of convergence, when obtained using an assumed displacement FEM.
The appearance of these derivatives into the aforementioned two sets of equations is avoided
by integration of both sides of eqn (1) over the volume of a triangular layer-element (Fig.
1) and then application of the divergence (Green—Gauss) theorem, as has been illustrated
by Chaudhuri and Seide (1987a). This procedure, in conjunction with the assumption given
by eqn (18), yields approximate forms of the first two equations of equilibrium of elasticity.
For example, the first equation of equilibrium reduces to

[ o0 SE) (o )ar [ o1+ )1+ )

2312
j‘ f (6P (O, +0B(O)A,} {(H‘?}: C)+(‘?;:f>} dzdr (19)
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Fig. 2. A typical curved element interface.

where §; and ['; are the area and perimeter, respectively, of the jth triangular element over
the reference (bottom) surface of the laminated shell and 1/Ry, 1/R, are given by

1 sm2 d)' cos’§
R R, ' Ry

1 1
3 (E— - E) sin ¢ cos §. (20)

A, and 7, at a point on each side of the curved triangle over the reference surface can be
obtained in a manner discussed in the Appendix (also refer to Fig. 2).

For a flat plate, R, = R; = o0 and g, = g5 = 1, when rectangular Cartesian coordinates
are used, i.e. « = x, f = y. It has been shown by Chaudhuri (1986) and Chaudhuri and
Seide (1987b) that for such a case o} ({) averaged over the area of the element, §;, represents
the exact transverse shear stress at the centroid of the interface triangle. For a laminated
general shell, this is no longer deemed possible, because of the complexities introduced by
9a» 9> R, and Ry, which are, in general, complicated functions of « and f. However, a
reasonably good estimate of ¢2({) [and ¢§}({)] may be obtained by evaluating the surface
integral as

J\J Q(C)(1+d+c)(l+a+g) ,2(()( J+C>(l+§-1:—c>s‘. 21)
R, Ry 5

The jump condition for ¢@({) is then given by eqn (15a) whose right-hand side can be
expressed as

JEED = — J {oi* P(0)~a? (1)} 7,

ai+l i+1 )=
(H-Ta)(H- Rﬁ) '
J 2 J 21172
+ {64 V(0)— a(’)(t)}nzll:( ;l)+(;{+l>] dar (22)
T nl”

fori=1,...,N=1J§*P i=1,...,N—1, can be obtained in a similar manner.

Finally, under the assumptions (approximations) embodied by eqns (18) and (19),
condition (v) will yield a set of N(n—2) equations for each of 62({) and 62({), i = 1,..., N.
The set of N(n—2) equations involving 6 ({) and the modified first equation of cquxhbnum
is still given by eqn (16), the right-hand s1de of which, using eqn (20), can now be written
as

1 A 2 i 21/2
F(2,B8,0) = — ;J {oP (A, + oD (LA} {(H a‘“") +(‘Z+C")} dr. (23)
j o, Rr Rnl'
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A similar set of equations involving ¢}}({) can be obtained from the above situation by
replacing the subscripts x by § and vice versa.

02 ($) and ¢}2() thus computed will represent the average transverse shear stresses
over the area (on the reference surface) of the curved triangular element. This will yield
reasonably accurate results, because the areas of the element become smaller and smaller
as the convergence of displacements and stresses is approached. For numerical evaluation
of the line integral, depending on the shell geometry. a sufficient number of points may be
selected on each of the three sides of the curved element on the reference surface. This is
illustrated in the case of flat plates and cylindrical and spherical shells by Chaudhuri (1983)
and will not be reproduced here in the interest of the brevity of presentation. Computer
implementation of the method for laminated general shells is currently underway at the
University of Utah, the outcome of which will be published in a future paper. The present
study will henceforth address the further approximate solutions of the problem, with an
eye to achieving computational efficiency without sacrificing accuracy.

4.2. Shallow shell approximation

The next in line is the shallow shell approximation, which is frequently employed in
obtaining analytical and numerical solutions for homogeneous and laminate shells. In the
context of the present study, which uses the LCST-based FEM as the starting point, such
an approximation will imply

a}?({) may now be assumed to be in the form

3

a@ =3 FOHL) for r=oap (24)

==

where H,({) are the same as those for plates and given in Chaudhuri and Seide (1987b),
which will imply that the prediction of distribution of each of the two interlaminar shear
stresses through the thickness of an N-layer laminated shell will necessitate the deter-
mination of 3N unknown coefficients, which, in turn, ask for as many conditions or
equations. These equations are now supplied by conditions (i)—(iv) mentioned earlier, while
condition (v) is no longer required. It is noteworthy that the shallow-shell approximation
renders the variation of the transverse shear stresses through the thickness of each layer
parabolic, which is true for a flat plate under the hypothesis of the LCST. The details are
available in Chaudhuri (1983, 1988) and will not be reproduced here in the interest of
brevity.

4.3. Cartesian-like local Riemann coordinates (CLRC) approximation

Every Riemann space admits Riemann coordinates for any given origin, where all the
Christoffel symbols vanish. The Riemann coordinates with origin in the present context
may be defined as

2 B
x = J g.da and y= J gsdp (25)
¢

0

where x and y measure the (shortest) geodesic distance between any point (2, ) or (x, )
within the element and the local (element) origin along the « and f lines of curvature. These
Riemann coordinates may be thought to behave like rectangular Cartesian coordinates in
the vicinity of the local origin, because every Riemann space is also locally Euclidean
(i.e. admits rectangular Cartesian coordinates), which implies that every sufficiently small
(infinitesimally small in the limit) portion of the Riemann space is Euclidean. The above
two concepts, Riemann coordinates with origin and Riemann space being locally Euclidean,
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may be fused into one powerful approximation in the context of FEM (Chaudhuri and
Seide, 1987a), which, when applied to the laminated shell analysis presented in Subsection
4.1, will simplify it to a level, obtainable in the case of a flat plate. presented in Chaudhuri
and Seide (1987b), while retaining the curvature effect to a considerable extent. Further
details are available in Chaudhuri (1983, 1988) and will not be reproduced here.

5. NUMERICAL RESULTS AND DISCUSSIONS

Numerical results for interlaminar shear stress distribution through the thickness of a
laminated shell will be presented here. As a first step, these have been obtained using the
CLRC approximation discussed earlier. Before studying a thick asymmetrically laminated
shell, the present theory has first been tested for a thin homogeneous isotopic cylindrical
shell, for which (reasonably accurate) numerical results, based on equilibrium method
(henceforth, will be referred to as EM) and CLT-based closed-form solutions are available
in Chaudhuri (1983) and Chaudhuri and Seide (1987a). The numerical results, obtained
using the present theory, are very close to those due to the other two, which will not be
repeated here in the interest of brevity. Instead, the following example problem will be
investigated in detail.

Example : simply-supported asymmetrically laminated thick circular cylindrical shells under
uniform internal pressure

A problem which illustrates the effect of lamination in a fibrous composite shell, is that
of a pressurized two-layer, circular cylindrical shell, which is supported at both ends in such
a way that only the radial deflection and the circumferential rotation are restrained, but
the longitudinal rotation, the longitudinal displacement and the circumferential dis-
placement are free to occur, i.e. SS1-type boundary condition (Hoff and Rehfield, 1965).
The length and the inner radius of the shell are 20 in. and 10 in., respectively. The fiber-
reinforced layers are identical except that the inner layer has a fiber orieniation in the
longitudinal direction while the fiber orientation in the outer layer, #,, varies. The elastic
properties of a unidirectional (0°) lamina are assumed to be the same as those used by
Spilker et al. (1977). E,, and E,, of the orthotropic layer material are 40 x 10® and 10° psi,
respectively, while the shear moduli G,,, G,;, G,; are all assumed to be 0.5 x 10° psi. The
major surface-parallel Poisson’s ratio, v, is taken to be equal to 0.25. The major transverse
Poisson’s ratios, v,;, v,3, are assumed to be the same. The displacements and stresses are
independent of the circumferential coordinate, 8, but there is an additional rigid body
rotation of the shell cross-sections. A closed-form solution for the problem with transverse
shear deformation neglected is given by Chaudhuri et al. (1986). The convergence results
of the displacements, the surface-parallel stresses and also the interlaminar shear stresses,
computed using the aforementioned triangular shell element, are also available (Chaudhuri,
1983 ; Seide and Chaudhuri, 1987) and will not be repeated here.

The finite element model selected here is the same as has been utilized in the case of
the EM (Chaudhuri and Seide, 1987a) and is shown in Fig. 3. First, the results using the
CLRC approximation of the present FEM-based theory are computed for a thin laminated
shell (+ = 0.2 in.) and are compared with their counterparts, computed using the FEM-
based equilibrium method of Chaudhuri and Seide (1987a) which utilized the same approxi-
mation, and also the CLT-based closed-form solution of Chaudhuri et al. (1986). Figure
4 shows the variation of ¢,. through the thickness of two-layer thin cylindrical shells for
8, = 0°, 15°, 45° and 90° with @, = 0°. It is noteworthy that for the 8, = 0° case, the three
sets of results are identical, because of the absence of layer-to-layer variation in shear
deformation. For the remaining cases, the first two sets of results are almost identical,
except that o, (or os,), as computed by the EM, does not completely vanish at the
outer surface as required ; however, this error is negligible. The CLT-based results, on the
contrary, are in slight disagreement with the aforementioned two sets of LCST-based
results, because of the neglect of the transverse shear deformation by the CLT, which is not
true any more. Further results demonstrating the high accuracy of the present theory in the
prediction of the transverse shear stresses in thin shells and detailed discussions on them
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Fig. 3. {a) A circular cylindrical shell under internal pressure and (b) the finite element model.

are available in Chaudhuri (1983), and will not be reproduced here for the sake of brevity of
presentation. In addition, the transverse shear stresses in three-layer symmetric {Chaudhuri,
1986) and two-layer unsymmetric (Chaudhuri and Seide, 1987b) plates can be reproduced
by the present approach by considering arbitrarily large radius of the shell (e.g. R = 10°
in.).

The primary focus of the present study is the presentation of hitherto unavailable
numerical results for the interlaminar shear stresses and their through-thickness dis-
tributions in a thick asymmetrically laminated shell ( = 5 in.). Figure 5 presents the
variation of ¢,., at the end, x = L/2, through the thickness of the thick two-layer (0°/45°)
tube. The results, obtained using the present approach and the CLRC approximation, are
compared with their EM counterparts. As expected, o,., as predicted by the EM, does not
vanish on the outer surface. The success of the equilibrium method hinges on pointwise (in
the three-dimensional sense) convergence of the second derivatives of the displacements. It
is well known, however, that the first derivatives of the displacements, as computed by the
assumed displacement FEM, converge in the mean-square sense {Strang and Fix, 1973),
which will imply that in the case of an arbitrary laminated thick shell, the success of the
EM is not guaranteed. The present solution is also compared with the closed-form solution,
based on the CLT. The CLT overpredicts o, in the inner (0°) layer, except in a small
region close to the interface, where the CLT underprediction is quite substantial. Figure 6
exhibits the variation of o,. over the half-length of the cylinder. The difference between the
CLT prediction and that due to the present approach appears to be primarily due to the
effect of the transverse shear deformation, which is neglected by the CLT ; because, as has

EM & THE PRESENT METHOD

— CLT 91=0"
1 z
t
E k.
1{3va | 314
-10 -5
12
Tyal®,
Ve t/4
0 ]
(a) ,20° (b) 8,=15° (c) 8,=45° {d) 8,=90°

Fig. 4. Variation of o,. at the edge, x = L2, through the thickness of a thin (1 = 0.2 in.) 2-layer
cylindrical shells.
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Fig. 5. Interlaminar shear stress distribution, at the edge, x = L2 through the thickness of a thick
(¢ = 5 in.) 0°/45° cylindrical shell.

been demonstrated in the preceding paragraph, the CLRC approximation, when employed
judiciously, seems to be capable of yielding results of reasonably high accuracy.

6. CONCLUSIONS

A relatively “exact” (in the context of the problem posed in Section 2) and three
progressively approximate semi-analytical methods for prediction of interlaminar shear
stress distribution through the thickness of a thick arbitrarily laminated general shell have
been presented. Even though the methods have been illustrated here for an assumed
quadratic displacement triangular element, the principle behind them is general enough to
be applicable for any element shape. Furthermore, this paper is the first to present the
transverse shear stress distribution through the wall-thickness of a thick asymmetrically
laminated shell. The Cartesian-like local Riemann coordinate (CLRC) approximation,
which has been employed in obtaining the present results, gives a reasonably good estimate
of the transverse shear stresses in an asymmetrically laminated thick shell. Results based
on the more accurate theory and their comparisons with the three-dimensional elasticity
solutions will be the topic of a future paper.
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Fig. 6. Longitudinal variation of a,, for a thick (¢ = § in.) 0°/45° cylindrical shell.
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APPENDIX

Let 7, and #, referred to in eqn (19), at a point on the /th side of the interface triangle (Fig. 2), be denoted
by A®, I=1,2,3 and r = 1,2, which can be determined for the element configuration shown in Fig. 2 in the
following manner:

A = (g2} :d%l%

A = (g’ d’(li‘z"

A = @' g

AP = —(G,} 2d(;\ffz

AP = ~(gy)! :adr[%

- (j”)m% (A1)

Computation of these quantities for specific shell geometries (e.g. cylindrical shell, spherical shell) is available in
Chaudhuri (1983).



